THE PARITY OF THE COCHRAN-HARVEY INVARIANTS OF 

3-MANIFOLDS 



STEFAN FRIEDL AND TAEHEE KIM 



Abstract. Given a finitely presented group G and an epimorphism : G — > Z 
Cochran and Harvey defined a sequence of invariants S n (G, <ft) £ No, n £ No, which 
can be viewed as the degrees of higher-order Alexander polynomials. Cochran and 
Harvey showed that (up to a minor modification) this is a never decreasing sequence 
of numbers if G is the fundamental group of a 3-manifold with empty or toroidal 
boundary. Furthermore they showed that these invariants give lower bounds on the 
Thurston norm. 

Using a certain Cohn localization and the duality of Reidemeister torsion we 
show that for a fundamental group of a 3-manifold any jump in the sequence is 
necessarily even. This answers in particular a question of Cochran. Furthermore 
using results of Turaev we show that under a mild extra hypothesis the parity of 
the Cochran-Harvey invariant agrees with the parity of the Thurston norm. 



1. Introduction 

Let G be a finitely presented group and <fi : G —>■ Z an epimorphism. Following 
|TTa05l iHaOfil IHoTM] we define for n > 

5 n (G,0):=deg(A n (G,0)(t)), 

where A n (G,<p)(t) denotes the n-th higher-order Alexander polynomial of G corre- 
sponding to </>. These polynomials are elements in K„[t ±:L ], where K n [t ±:L ] is a skew 
Laurent polynomial ring which is associated to the group ring Z[G/C# +1) ] and to 
the homomorphism 0. Here G[ n+l ^ denotes the (n + l)-st term of Harvey's rational 
derived series. We adopt the convention that deg(O) = — oo. We give the precise 
definitions in Section El Note that in 1 la(K)j these invariants are denoted by S n (G, 0). 



These invariants show an interesting behavior for the fundamental groups of 3- 
manifolds. (Here by a 3-manifold we always mean an oriented, connected and com- 
pact 3-manifold.) Let G be the fundamental group of a 3-manifold M with empty 
or toroidal boundary. Then Harvey |Ha06j showed (cf. also |Co04j and |Fr06j ) that 
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if : G — > Z is an epimorphism such that 5q(G, 0) 7^ —00, then 

S (G, 0) — 1 - 63 (M) < < 8 2 {G,(j>)... if 6i(M) = 1, and 

5o(G,0) < 5 1 (G,0)<5 2 (G,0)... iffo 1 (M)>l. 

Here bi(M) denotes the z-th Betti number of M. Recall that 63 (M) = 1 if M is closed 
and 63 (M) = if M has boundary. This result can be viewed as a subtle obstruction 
to a group being a 3-manifold group. Note that a similar result holds for groups of 
deficiency one (cf. [Ha06j or [Fr06]). 

If 5q(G, 0) = and bi(M) = 1, then the proof of Lemma HT3] shows that 8 n (G, 0) = 
for all n > 0. We can and will therefore restrict ourselves to the cases 5q(G,4>) > 
or 61 (M) > 2. 

The following theorem strengthens Harvey's result: 

Theorem 1.1. Let G be the fundamental group of a 3-manifold with empty or toroidal 
boundary. Let : G — > Z &e an epimorphism such that So(G,4>) 7^ —00. Then any 
jump in the sequence of inequalities 

5 (G, 0) - 1 - 6 3 (M) < < 6 2 (G, (/>)... (if h(M) = 1 and 8 (G,(j)) > 0) 

5 (G,(f>) < 5 1 (G, ( f>)<5 2 (G,<j>)... (ifb l (M)>l) 

has to be even. 

Note that this theorem is not known to hold for groups of deficiency one in general. 
This theorem in particular answers a question of Cochran (cf. [Co04, Question (5) 
in Section 14]). Furthermore, together with realization results of Cochran, this com- 
pletely classifies the sequences of numbers which appear as <5„-invariants for knots 
(see Theorem 14. 3|) . 

The key difficulty in relating 5k+i{G,4>) and 5k{G,<ft) is that there are no non- 
trivial homomorphisms between the skew Laurent polynomial rings Kfc+i^ 1 ] and 
Kfcft 1 * 11 ]. We circumvent this problem by studying an appropriate Cohn localization 
which maps non-trivially to Kfc +1 [t ±:L ] and to Kfeft 1 * 11 ], and by using the functoriality 
of Reidemeister torsion. Another major ingredient is a duality theorem for Reide- 
meister torsion. 

The Cochran-Harvey invariants have a close relationship to the geometry of 3- 
manifolds. Let M be 3-manifold M and e H 1 (M; Z). Then the Thurston norm of 
is defined as 

||0||t = min{— x(S) \ S C M properly embedded surface dual to 0} 

where S denotes the result of discarding all connected components of S with pos- 
itive Euler characteristic. This extends to a seminorm on if 1 (M;IR). We refer to 
[TK86] for details. We henceforth identify H X {M;T) with Hom(ff x (M; Z), Z) and 
Hom(7r 1 (M), Z). Let M be 3-manifold with empty or toroidal boundary and let 
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G = tti(M). In [Ha05, Ha06j Harvey (cf. also |Ho04] . jTu7)2] and [EE!) showed that 
for an epimorphism : G — > Z with <5o(G, 0) 7^ — 00 we have 

5 O (G,0)-1-& 3 (M) < 5i(G,0)<5 2 (G,0)---<||0|| T (if6i(M) = l) 
l j 5o(G,0) < ^(C, 0) < 8 2 (G,<p) ■ ■ ■ < 1 10| |t (if&i(M)>l). 

Furthermore if (M, 0) fibers over S 1 and if M ^ S 1 x S 2 , S" 1 x L> 2 , then all inequalities 
are in fact equalities. Using classical results of Turaev jTC86j we can strengthen this 
geometric interpretation as follows. 



Theorem 1.2. Let M be a 3-manifold which 
link in S 3 . Let G := 71*1 (M) and let : G 
8o(G,(f>) 7^ — oo ; then 

8 Q {G,<t>)-\- 63 (M) = 8 1 (G, 0) = 5 2 (G, 0) • • • 
8 Q (G,(f)) = S X (G, 0) = 8 2 (G, 0) • • • 



zs either closed or the exterior of a 
— > Z &e an epimorphism such that 



= \\<P\\ T mod2 (ifh{M) = 1, 6 {G,<f>) > 1) 
= \ \(f)\\ T mod2 (ifhiM) > I). 



In a forthcoming paper the first author and Shelly Harvey FH06J will show that for 
a 3-manifold group G the map 1— > 8 n (G,<p) defines a seminorm on if 1 (G f ;R). This 
further strengthens the close relationship between the Cochran-Harvey invariants and 
the Thurston norm. 

The paper is organized as follows. In Section |21 we recall several facts about Rei- 
demeister torsion and fix some notation. We also define the Alexander polynomials 
and recall the relationship to Reidemeister torsion. In Sectional we recall several def- 
initions from Ha06j which will then allow us to give in Section Imprecise formulations 
of (slight generalizations of) Theorems 11.11 and 11.21 We conclude with the proofs of 
our results in Section 

Acknowledgment: We would like to thank the anonymous referee for helpful 
suggestions for improving the clarity of the paper and for pointing out a mistake in 
an earlier version. 

2. REIDEMEISTER TORSION AND ALEXANDER POLYNOMIALS 

2.1. Reidemeister torsion of manifolds. Throughout this paper we will only 
consider associative rings R with 1^0 with the property that if r 7^ s, then 
R r is not isomorphic to R s . For such a ring R, let GL(R) := limGL(i?, n) and 

K X (R) := GL(R)/[GL(R),GL(R)). In particular K X (R) is an abelian group. If K is 
a (skew) field, then the Dieudonne determinant gives an isomorphism det : K\{K) — > 
K X /[K X ,K X ] where K x := X\ {0}. For more details we refer to [R7)94j or [TOT] . 

Let X be a CW-complex. In this paper by a CW-complex we will always mean 
a connected CW-complex. Denote the universal cover of X by X. We view the 
chain complex C*(A") as a right Z[7Ti(X)]-module via deck transformations. Let 
ip : Z[7Ti(X)] — > R be a homomorphism. This equips R with a left Z[7Ti(X)]-module 
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structure. We can therefore consider the right -R-module chain complex C*(X; R) : = 
C*(X) <8>z[tu(X)] R- We denote the homology of C*(X; R) by H~i(X; R). 

Now assume that X is in fact a finite CW-complex. If H*(X;R) = 0, then the 
Reidemeister torsion t(X,R) G K\(R)/ ±<^(7Ti(X)) is defined (cf. |Tu01j ). We will 
write Ki(R)/ ± tti(X) for Ki(R)/ ± <^(7Ti(X)) for convenience, if p is clear from the 
context. If H*(X;R) ^ 0, then we write t(X,R) := 0. It is known that t(X,R) 
only depends on the homeomorphism type of X. Hence we can define t(M, R) for a 
3-manifold M by picking any finite CW-structure for M. We refer to the excellent 
book of Turaev |Tu01| for filling in the details. 

2.2. Alexander polynomials. Let K be a (skew) field and 7 : K — > K a ring homo- 
morphism. Denote by K[t ±:L ] the skew Laurent polynomial ring over IK (associated to 
7). The elements in K[i ] are formal sums Y^i=- r cat 1 with aj 6 K and multiplication 
in K[t ±:L ] is induced from the rule t l a = Yi a )t l for any a G K. It is known that K[t ] 
embeds in its (skew) quotient field (denoted by K(t)) which is flat over K[t ±:L ] (cf. 
e.g. |DLMSY03j ). 

Let X be a CW-complex with finitely many cells in dimension 1 and 2. Given 
a ring homomorphism p : Z[7Ti(X)] — > K[t ±:L ] to a skew Laurent polynomial ring 
we consider the finitely presented K[t ±1 ]-module H\(X\ K[t ±:L ]). This module was 
stud ied in [HoM IHa05l ITu02l ILMOSj . Since K[t ±x ] is a principal ideal domain (PID) 
(cf. |(Jo04| Proposition 4.5]) we can decompose 

1 

1=1 

for Pi (i) G K^ 1 ], 1 < i < I. We define A*(*) := n!=iPi(*) e Kft* 1 ]. A*(t) is called 
the Alexander polynomial of (X, </?) and it is well-defined up to a certain indeterminacy 
which is determined in |Fr06t Theorem 3.1] (cf. also |Co04| p. 367] and |Co85 ). If 
X = K(G, 1) for a group G, then we also call A ¥ '(t) the Alexander polynomial of 
(G». 

Let f(t) G K^ 1 ]. If /(i) = then we write deg(/(t)) = -00. Otherwise, for 

/(*) = EHm^ e ^t^ 1 ] with a ™ + 0, an + we define deg(/(t)) := n - m. 
Note that deg(A </3 (t)) is well-defined (cf. |Co04j ). In fact we have the following 
interpretation of the degree of the Alexander polynomial: 

(2) deg(A*(t)) = dim K (F 1 (X; K^ 1 ])). 

Given p : Z[7Ti(X)] — > K[i ±:L ] we also consider the induced map Z[7Ti(X)] — > 
K[t ±x ] -> K(i). In particular we can consider r{X,K(t)) G Ki(K(t))/ ±7Ti(X) U{0}. 
Note that setting deg(/(t)^(t)- 1 ) = deg(/(f)) - deg(<?(*)) for f(t),g(t) G K[t ±x ] we 
can extend deg : K[t ±:L ] \ {0} — > Z to a homomorphism deg : K(i) x — > Z which in turn 
induces (using the Dieudonne determinant) a homomorphism deg : Ki(K(t)) — > Z. 
Note that a ring homomorphism Z[7Ti(X)] -A HC[i ±:L ] sends (7 G 7Ti(X) to an invertible 
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element in K[t ], i.e. to an element of the form kt l , whose degree is zero. We therefore 
see that deg : #i(K(t)) ->■ Z passes to deg : Kx(K(t))/ ± 7Ti(X) U{0}^ZU {-oo}. 

Let G H (X\ Z). We say G H (X; Z) is primitive if the induced homomorphism 
: 71"! (X) — > Z is surjective. Following Turaev jTu02 we call a homomorphism 
f : Z[7Ti(X)] — > K^ 1 ] 0- compatible if for any g G 7Ti(X) we have <^(<7) = for 
some G IK. 

Theorem 2.1. Lei M be a 3-manifold with empty or toroidal boundary. Let G 
H l (M; Z) primitive and let if : Z[7r 1 (M)] — > K[t ±:L ] fre a <p -compatible homomorphism. 
IfA v (t) ^ 0, thenr(M,K(t)) ^ 0. Furthermore, iff(n 1 (M)) C K[i ±x ] c?/c/zc ; then 

deg(r(M, K(t))) = deg(A^(t)) - (1 + 6 3 (M)), 

deg(r(M,K(t))) = deg(A^(t)). 

Proof. Assu me tha t A*(t) ^ 0, then r(M,K(t)) ^ by jFr06l Theorem 1.2]. It 
follows from |Fr06l Theorem 1.1] that deg(det(r(M, is the alternating sum of 



the degrees of the Alexander polynomials corresponding to £/j(M; K[t ]), i — 0,1, 2. 
A direct computation of H (M; K^ 1 ]) and H 2 (M; K[t ±l )) as in jFrU6l Lemmas 4.3 
and 4.4] concludes the proof. □ 

3. Admissible pairs and triples 

It is known that for a locally indicable and amenable group G the group ring Z[G] 
embeds in its (skew) quotient field which is flat over Z[G] (cf. e.g. |Hi40| . |DLM SY03, 
Corollary 6.3] and [Ra981 p. 99]). We denote the quotient field by K(G). For instance, 
the poly-torsion-free-abelian (henceforth PTFA) groups studied in [COT031 ICo04| 
IHa05j are locally indicable and amenable (cf. e.g. [St74]). 

Definition 3.1. Let tt be a group, : 7r — > Z an epimorphism and f : 7r — > G an 
epimorphism to a locally indicable and amenable group G such that there exists a 
map 0c : G — > Z (which is necessarily unique) such that 

tt G 

Z 




commutes. Following HaOG, Definition 1.4] we call (f,(fi) an admissible pair for tt . 



Let (if : 7i — > G, 0) be an admissible pair for tt. Let G' := Ker{0c : G — > Z}. 
Then G' is still a locally indicable and amenable group, hence embeds in its (skew) 
quotient field IK(G'). We pick an element G G such that 0c(/-O = 1 and define 
7 : K(Cr') — > K(G') to be the homomorphism induced by •y(g) := for g G G". 

Then we obtain a Laurent polynomial ring IK(G")[t ±:L ] with multiplication induced 



6 STEFAN FRIEDL AND TAEHEE KIM 

via 7 as described in the first paragraph in Section 12.21 We point out that different 
choices of \x give isomorphic rings. Consider the ring homomorphism 

Z[G] -> K(G") [t ±:L ] 

Clearly the induced homomorphism (p : Z[7r] — > Z[G] — > K(G")[i ±:L ] is 0-compatible. 
Also the map f(t)g(t)'~ 1 i— > defines isomorphisms ~K(G')(t) — > K(G) and 

ZfG"]^ 1 ] -> Z[G] (cf. also jCTl p. 364]). 

An important family of examples of admissible pairs is provided by Harvey's ratio- 
nal derived series of a group 7r (cf. [Ha05, Section 3]) which is defined as follows: Let 
7ir := 7r and define inductively for n > 1 

ttW :={ge 4 n -^\g d G [vr^" 1 ), vr^" 1 )] for some d G Z \ {0}}. 

Note that -n\ n /ttt is isomorphic to {ii'f 1 /[iTr ])/Z-torsion. Hence it is 

torsion-free abelian. By |Ha05l Corollary 3.6] the quotients ix /ix^ are PTFA groups 
for any ir and any n. If <fi : 7r — > Z is an epimorphism, then (-7T — > n / 7ri n \ <fi) is 
an admissible pair for 7r for any n > 0. Let n' := Ker{0 : 7r — > Z}. Note that 

Ker{7r/7r^ +1) -> Z} = 7r'/7r r (n+1) . We write K n := K(n f /^ n+1) ) . 

Given a finitely presented group it and a homomorphism : 7r — > Z we now 
define A n (7r,0)(t) G K^f/^ 1 ] to be the Alexander polynomial of (K(tt, 1), Z[7r] — > 
K(7r / /7Tr n+1 ' ) )[t ±1 ]). This is called the n-£/i higher-order Alexander polynomial of n 
corresponding to 0. Note that this definition only works since we can assume that 
K(tc, 1) has finitely many cells in dimensions 1 and 2 since 7r is finitely presented. 

Remark. Harvey [Ha06j and Cochran CotM, Definition 5.3] show the following equal- 
ity: 

(3) 8 n (n, 0) = diin^^^jCTr^ 1 )/^ 1 ^^] K(tt' 

Here 7r / /7Tr n+2 ^ acts on the abelian group Tr^^/Tir via conjugation. This equality 
can be easily deduced from Lemma l3~2l Equality (J2J) and the fact that Ore localizations 
are flat. 

The next lemma follows immediately from the observation that we can view K(tt, 1) 
as the result of adding /c-cells with k > 2 to X. It provides the link between group 
theory and topology. 

Lemma 3.2. Let X be a finite CW-complex with n := tti(X) and : n — > Z a non- 
trivial homomorphism. Then the Alexander polynomials of(X, 7L\tx\ — > K(7r'/7r^ n+ )[t ±:L ]) 
and (K(n, 1),tt -> K(7r / /7r^ n+1) )[f fc1 ]) a#ree. 

In our applications of Theorem 12.11 we will need the following basic lemma. 
Lemma 3.3. Let n be a group and n > 1. JTien 7r/7Tr is cyclic if and only if 
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(1) n = 1 and rank(Hi(n)) = 1, or 

(2) n > 2, rank(Hi(n)) = 1 and 5o(tt, 0) = where : n — > Z is either of the two 
epimorphisms. 

Proof. It is clear that if rank(iJi(7r)) > 1, then tt/tTt is not cyclic. Now assume that 
rank(ifi(7r)) = 1. The first statement is immediate. Now let : ir — > Z be either of 
the two epimorphisms. Clearly Ker(0) = tTt. For the second statement, note that 
by Equation (jSJ) we have 

5 (tt, 0) = dimQ^/KW tt«] ® z Q). 

Recall that tTt /ttt is torsion free and that ttt /[iTr \ TTr] ®zQ = 7Tr / 7Tr ®z Q- 
This means that 5o(vr,0) = if and only if iri- 1 ^ = ix^ . But in that case tt^ = iri^ 
for all n. The second statement is now clear. □ 

Before we state our main theorems we need to introduce admissible triples: 

Definition 3.4. Let 7r be a group and : 7r — > Z be an epimorphism. Let <£>i : 7r — > Gi 
and (f2 '■ 7T — ► C2 be epimorphisms to locally indicable and amenable groups G\ and 
G*2- Following [Ha06, Definition 2.1] we call (<pi,<p2,<j>) an admissible triple for tt if 
there exist epimorphisms ip : Gi —>■ G2 and 02 : G2 — > Z such that tp 2 = ¥1, an d 

= 2 O <£> 2 . 

We note that for an admissible triple (<pi,<f2,4>) for tt we have the following com- 
mutative diagram and that (%, 0) are admissible pairs for 7r for i = 1, 2. 




Clearly for any epimorphism : tx — > Z and for any n > m > 1 we get admissible 
triples (tt — > tt/ttt ,tt — > tt/ttt , 0) for 7T. 

4. The statement of the main results 

It follows from Theorem 12.11 and Lemmas 13.21 and 13.31 that the following theorem 
implies Theorem ll.il 

Theorem 4.1. Let M be a 3-manifold with empty or toroidal boundary. Let (tpi : 
71-1 (M) -> Gi,¥?2 : 7n(M) -> G 2 ,0) be an admissible triple for tti(M). Ifr(M,K(G 2 )(t)) ^ 
0, tfiera r(M, K(G' 1 )(t)) ^ and 

de^(r(M,K(G?i)(*)) = deg(r(M, K(G' 2 )(t)) + 2Jfc 

for some k > 0. 
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The proof of this theorem is postponed to Section 15.21 

Now let M be a 3 manifold. We pick a primitive element G H l (M; Z). Note that if 
b\ (M) = 1 then there is a unique up to sign. Clearly (0, 0) is an admissible pair and 
K(Z')(t) = Q(t) and we obtain the corresponding Reidemeister torsion r(M, Q(t)). 

Given a link L C S 3 we write X(L) = S 3 \ N(L) for the link exterior, where N(L) 
denotes an open tubular neighborhood of L. Now we can formulate the following 
corollary to Theorem 14.11 

Corollary 4.2. Let M be a 3-manifold and (ip : tt\{M) — > G, 0) an admissible pair 
for 7Ti(M). 

(1) J/M = X(iT) is a knot exterior, then deg(r(X(K),K(G')(t))) is odd. 

(2) I/M zs c/osed and r(M,Q(t)) ^ 0, then deg(T(M,K(G')(t))) is even. 

(3) If M — X(L) is the exterior of a link L = L\ U • ■ • U L m C S* 3 and if 
r(X{L),Q(t)) jt 0, then 

m 

deg(r(X(L),K(G')(t))) = ^0(^)(l + ^ tt<Li, %)) mod2, 

i=i j^i 

where //j denotes the meridian of L^, 1 < i < m. 

Proof of Corollary 14. 2L First recall the well-known fact that the Alexander poly- 
nomial A^-(t) is of even degree for any knot K, this implies that t(X(K), Q(£)) = 
A K (t)(t - I)" 1 is of odd de gree. The first statement now follows immediately from 
Theorem 14. II applied to the admissible triple (<£>, 0,0). 

The parity of the multivariable Alexander polynomials for links (cf. |Tu86| The- 
orem 1.7.1]) and for closed 3-manifolds (cf. |Tu86| p. 141]) are well-known. Using 
standard results (cf. |Tu86| Theorem 1.1.2] and also |FK05| Theorem 3.4], |FV06| ) 
these can be translated into parity results for the ordinary one-variable Reidemeister 
torsion r(M, Q(t)). These results in turn imply the last two statements by Theorem 
IP □ 

We now discuss a special case of Corollary 14.2( 1). Let K be a knot and let : 
H X {X(K)\Z) ^ Z be an isomorphism. We write S n (K) := S^ir^XjK)), <j> ). By 
Lemma 13.21 this agrees with Cochran's |Co04j definition. In Question (5) in |Co04| 
Section 14] Cochran asks if there is a knot K and some n > for which 5 n (K) is a 
non-zero even integer. Theorem 12. II together with Corollary 14. 21 now gives a negative 
answer to this question. More precisely we have the following result. 

Theorem 4.3. Let (nj)j e N be a sequence of non-negative integers. Then there exists 
a knot K with Sq(K) — 1 = no and Si(K) = rij for % > 1 if and only if (rij) is a never 
decreasing sequence of odd numbers which is bounded. 

Proof. Note that 5q(K) is the degree of the (classical) Alexander polynomial of K, 
hence it is always even. One direction of the theorem now follows from Theorem 
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12. II together with Corollary 14.21 and from the sequence of inequalities (1) in Section 
n The realization results in |(Jo04| Theorem 7.3] can be strengthened to prove the 
converse (cf. also Question (5) in |Co04j ). □ 

Remarks. (1) Note that more realization results are given in [Ha05, Section 11]. 
(2) The statement corresponding to Corollary 14.21 for the Reidemeister torsion of 
a 3-manifold associated to a general linear representation 7i"i(M) — > GL(F, k) 
(where F is a field) is not known. A careful analysis of Heegard decompositions 
of closed 3-manifolds as in |He83j could perhaps be used to show that for a 



closed 3-manifold the degrees of twisted Reidemeister torsions are always even. 

Using Corollary 14.21 we will prove in Section 15.31 the following theorem which by 
Lemmas 13.21 and 13.31 is clearly a slight generalization of Theorem 11.21 

Theorem 4.4. Let M be a closed 3-manifold or the exterior of a link in S 3 . Let 
(if : tti(M) — > G,(j)) be an admissible pair. If r(M, Q(£)) ^ 0, then 

max{0, deg(T(M,K(G')(t)))} = ||0|| T modi. 

5. Proof of the theorems 

5.1. Cohn localization. Let if) : G% — > G2 be an epimorphism between locally 
indicable amenable groups G\ and G 2 - Let E be the set of all matrices over Z[Gi] 

which become invertible under the map Z[Gi] — > Z[G 2 ] —* K(G*2)- Denote by c : 
Z[Gi] — > C(ip) the Cohn localization of Z[G*i] corresponding to E. Recall that the 
Cohn localization is characterized by the following two conditions: 

(1) The homomorphism c is S-inverting, i.e. any matrix in E becomes invertible 
under c. 

(2) The homomorphism c has the universal E-inverting property, i.e. if d : 
ZfCrJ — > D is another E-inverting ring homomorphism, then there exists 
a unique homomorphism C (ip) — > D to make the following diagram commute 



CM 




We refer to |Co851 Chapter 7] for more details. Note that for r^swe have C(ip) r % 
C(^) s since C(0 <8> CW K(G? 2 ) = K(G 2 )\ 

Lemma 5.1. Let ip : G\ —>■ G2 be an epimorphism between locally indicable amenable 
groups. Let B be an r x r-matrix over Z[Gi]. Ifip(B) : Z[Gy r — > Z[G*2] r is invertible 
overK.(G2), then B is invertible over K(Gi) . 

Proof. First note that ip(B) : Z[G 2 ] r -> Z[G 2 ] r is injective since Z[G 2 ] C K(G 2 ). Now 
let H = Kerj^ : G± — > G%}. Clearly H is again locally indicable. Note that B : 
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Z[G*i] r — > Z[Gi] r can also be viewed as a map between free Z [H] -modules. Pick any 
right inverse A : G 2 — > G\ of ^. It is easy to see that g®h\-^ g\(h)®l, g G Gi, liGG 2 
induces an isomorphism 

Z[Gi] ® z[Gl ] Z[G 2 ] -> Z[Gi] ® Z [fl] Z. 

By assumption 5® id : Z[G'i] r ®z[H] Z — > Z[Cri] r Z is injective. Since if is locally 
indicable it follows immediately from |Ge83j or |HS83j (cf. also |St74j for the case of 
PTFA groups) that 1[G x ] r -> Z[d] r is injective. 

Since K(G X ) is flat over Z[G a ] it follows that £ : K(Gi) r -> K(Gi) r is injective. 
But an injective homomorphism between vector spaces over a skew field of the same 
dimension is in fact an isomorphism. This shows that B is invertible over K(Gi). □ 

It follows from the universal property of the Cohn localization and Lemma loTl that 
there exist unique maps C(ip) — > K(Gi) and C(ip) — > K(G 2 ) which make the following 
diagram commute: 

K(Gi) 




Z[Gi] ^C(V) 




K(G 2 ). 

Note that since the homomorphism Z[Gi] — > K(Gi) is an injection it follows that the 
homomorphism Z[Gi] — ► G(/0) is an injection as well. We will henceforth identify 
Z[Gi] with its image in C(ip). 

Lemma 5.2. Le£ M be a 3-manifold and (ipi : 7Ti(M) — > Gx,tp 2 : 7Ti(M) — > G 2 ,</>) 
an admissible triple. Ifr(M,K(G 2 j) ^ 0, then r(M,G(^)) ^ 0. 

Proof. We have to show that if if*(M;K(G 2 )) = 0, then H,{M; C{ip)) = 0. Denote 
the chain complex of the universal cover M by (G*,d*). Write 7r := tti(M). By 
assumption we have H*(M; K(G 2 )) = if*(G* ®z[tt] K(G 2 )) = 0. Therefore there exist 
chain homotopies s k : G& ®z[7r] K(G 2 ) — ► C^+i <8>z[,r] K(G 2 ) such that for any k 

dk+i ° s k + s k -i od k — id. 

Note that C k ®z[n] Z[G 2 ] is a free Z[G 2 ]-module and C k ®z[ir] K(G 2 ) = (G& <8>z[,r] 
Z[G 2 ])®z[g 2 ]IK(G ! 2 ). Since K(G 2 ) is the Ore localization of Z[G 2 ] the chain homotopies 
Sfc induce Z[G 2 ]-homomorphisms s' k : G^ ®z[tt] Z[G 2 ] — > C k +i ®z[tt] Z[G 2 ] such that 
dk+i ° s' fe + o rffc is invertible over K(G 2 ). 

Furthermore note that C k ®z[n-] Z[Gi] is a free Z[Gi]-module and G& ®z[tt] Z[G 2 ] = 
(Cfc ®z[tt] Z[(ji]) ®z[Gx\ Z[G 2 ], hence we can find lifts of s' fc to Z[Gi]-homomorphisms 
t' k : C k ®z[tt] Z[Gi] — >■ Ca,. + i <S>z[tt] Z[Gi] such that c4 +1 o t' k + t' h _ x o d fc becomes invertible 
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under the map Z[£ri] — > Z[Gy —* K(c?2). From the definition of the Cohn localization 
it follows that 

4+i o t' k + 4-i od k :C k ®z[Gi] CC0) Cfc <8>z[Gi] C(V0 
is an isomorphism for any k, hence H*(M; C(ip)) =0. □ 

5.2. Proof of Theorem 14. 1L In the following assume that R is a ring equipped 
with a (possibly trivial) involution r i— > r such that r rT T = s • r . This extends to an 
involution on Ki(R) via (o^) := (a^) for (a^-) G Ki(R). Note that if i? is a skew 
field, then det(A) = det(A) for any A G K 1 (R). 
We need the following lemma. 

Lemma 5.3. Let K be a skew field with (possibly trivial) involution. Let K(i) be the 
(skew) quotient field of a Laurent polynomial ring K[t ] equipped with the involution 
given by kt l := t k. Assume that r G Ki(K(t)) has the property that r = kP T for 
some k G IK, j G Z. T/ien 

deg{r) = j mod 2. 

Proof. Recall that the Dieudonne determinant defines an isomorphism .K"i(K(£)) — > 
IK(t) x /[IK(t) x , K(t) x ]. We can therefore rewrite the assumption as 

n 

det(r) = W detH IJLAC*), ^(*)] e K(t), 
i=i 

for some fi{t), gi (t) G K(t) x . For p(t) = a r t r + a r+1 t r+1 + ■■■ + a s t s G K[t ±x ] with 
aj G K, a r ^ 0,o s ^ 0,r < s we define l{p{t)) := r (the lowest exponent), h{p{t)) : = 
s (the highest exponent). Clearly I and h define homomorphisms K[t ±:L ] \ {0} — > 
Z. Furthermore since K(t) is the Ore localization of K[t ±x ] we can extend / and 
h to homomorphisms l,h : K(t) x -> Z via l(f{t)g{t)- 1 ) = l(f(t)) - l{g{t)) and 
h{f{t)g{t)- 1 ) = h{f{t)) - h{g{t)) for f(t),g(t) G K[t ±x ] \ {0}. Note that I, h vanish 
on commutators. Then we get the following equalities 

Mdet(r)) = h(kP d^) Utx[fi(t),9i(t)\) 
= j + h(det(r)) 
= j-/(det(r)). 

It follows that 

deg(r) = deg(det(r)) = h(det(r)) - /(det(r)) = h{det{r)) + /(det(r)) = j mod 2. 

□ 

We need the following duality theorem. 
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Theorem 5.4. Let M be a 3-manifold with empty or toroidal boundary. Assume 
that R is equipped with a (possibly trivial) involution and that ip : Z[7i"i(M)] — > R is a 
homomorphism such that y?(g _1 ) = <f(g) for all g G 7i"i(M). Ifr(M,R) ^ 0, then 

t(M, R) = r(M, R) G K X {R)/ ± TTi(M). 

Proof. Similarly to r(M,R) we can define r(M, dM, R). By FTTiTTTl Theorem 14.1] it 
follows that H*(M, dM; R) = and 

t(M, R) = r(M, dM, R) G K X {R)/ ± m(M). 

In particular we are done if M is closed. If M has boundary, then it follows from 
the long exact sequence of the pair (M,dM) that H*(dM; R) = 0. Furthermore by 
|Tu01| Theorem 3.4] we have 

r(M, R) = t(M, dM, R)r{dM, R) G K X (R)/ ± tti(M). 

It therefore suffices to show that r(<9M, i?) = 1 G K X {R)J ± tti(M). But this follows 
from an easy argument using the standard CW-structure of a torus. □ 

For a locally indicable amenable group G, we will always consider the group ring 
Z[G] together with the involution given by g := g^ 1 for g G G. Note that this invo- 
lution extends to involutions on K(G) and K X {K.(G)). Recall that for an admissible 

pair ((p : tx — > G, <p) for it we have the isomorphism Z[G'][t ±:L ] ^ r L\G\. If we equip 
Z[G'][i ±:L ] with the involution given by gt l := for g G G' then this isomor- 

phism preserves involutions. The extended involutions on K(G')(i) and K(G) are 
also preserved under the corresponding isomorphism, and we have a similar result for 
#i(K(G')(t)) and #i(K(G)). 

Proof of Theorem \4-l\ Let M be a 3-manifold with empty or toroidal boundary. 
Let (<£>i : vti(M) — > G\,<f2 '■ iti(M) — > G2, </>) be an admissible triple for 7i"i(M). 
Assume that r(M, K(G2)(£)) 7^ 0. Harvey [Ha06 showed that this implies that 
r(M, K(G\)(l)) ^ and furthermore that deg(r (M, K (G[){t)) > deg(r(M, K(G' 2 )(t)). 
(See also |Fr06l Theorem 1.3], we also refer to |Co04j in the case of a knot exterior). 
Therefore in order to prove Theorem 14.11 it is enough to show that 

deg(r(M, K(G[)(t)) = deg(r(M, K(G' 2 )(t)) mod 2. 

Write 7T := tt^M). Note that r(M, C($)) and r(M, C(i/j)) are non-zero in K 1 (C(i/j))/± 
71 U {0} by Lemma 15.21 Now pick a representative T rep (M,C(ip)) of r(M, G(?/>)) in 

tfi((7(V0). Note that r re P(M,C(ip)) is a representative of r(M,C(ip)) in #i(C(V))- 
It follows from Theorem 15.41 that 

T rep (M, C(ip)) = e gi T™p(M,Cm G Xi(C(V)) 

for some e G {1,-1}, g\ G Gi. (Recall that we identified Z[Gi] with the image of 
Z[Gi] in C(ip).) Recall that we have homomorphisms CKj : G^) — > K.(G' i )(t) for 
« = 1,2 induced from the universal property of the Cohn localization C(ip). These 



THE PARITY OF THE COCHRAN-HARVEY INVARIANTS OF 3-MANIFOLDS 



13 



homomorphisms induce homomorphisms «j : Ki(C(ip)) — > i^i(IK(G^)(t)) for % — 1,2. 
Then for i = 1, 2, 



ai(r rep (M, C(ip))) = a % {e gi T^(M,Cm) = ^(ft)"^^ (M, C(V))) G #i(K(G;)(*)). 

Note that because Reidemeister torsion is functorial (cf. e.g. |Tu01| Proposi- 
tion 3.6]), a,(r re P(M,C(V'))) G #i(K(G<)(t)) is a representative of r(M, K(G-)(t)) G 
#i(K(GJ)(t))/ ± 7T. Now write a^i) = for some A* G K(G<) and Z< G Z. Note 
that /j = 4>(gi) since Z[7r] — > K(G^)[t ±:L ] is 0-compatible. In particular li = l 2 . The 
theorem now follows from Lemma f5.3l which states that 

k = deg(r(M,K(G-)(t))) mod 2 

for i = 1, 2. □ 

5.3. Proof of Theorem 14.41 We will need the following lemma. 

Lemma 5.5. Let G H l (M) be primitive such that r(M, Q(£)) 7^ 0. 7/M zs closed, 
then 1 10| |t even. Assume that dM consists of a non-empty collection of tori N\ U 
• ■ • U N m . If (PIh^na = then let n« := 0, otherwise define 

Hi = maxjn G N|0|jf 1 (Ar i ) = nh for some h G Hom(Hi(Ni), Z)}, 

i.e. rii is the divisibility of 4>\h 1 (n 1 )- Then either \ \4>\\t — or 

m 



1 10| |r = ( /_^ n i ) wod 2. 

^ i=l ' 

Proof. If M is closed then S is closed, hence x(^) is even. Now assume that dM 
is a non-empty collection of tori. Since r(M, Q(t)) 7^ it follows from |Mc02j that 
there exists a connected Thurston norm minimizing surface S dual to 0. Assume that 
1 10| | T > 0, then ||0|| T = ~x(S). Note that 

-X(S) = b (dS) mod 2, 

this follows from the observation that adding a 2-disk to each component of dS gives a 
closed surface, which has even Euler characteristic. Now consider iVj. Clearly S D Ni 
is Poincare dual to 4'\h 1 (n 1 )- It follows from a standard argument that, modulo 2, 
dS fl iVj has rij components. □ 

Now we can give the proof of Theorem 14.41 

Proof of Theorem \4-4\ First assume that ||0||t = 0. Note that it follows from Equa- 
tion (JU) and from Theorem O that deg(r(M, K(G'){t))) < \\<f)\\ T . The required 
equality is now immediate. Now assume that ||0||t > 0. 

Since both sides are N-linear we can restrict ourselves to the case that is primitive. 
If M is closed, then 1 10| \t is even and the theorem follows from Corollary 14. 2f 2). Now 
assume that M = X(L) where L = L\ U • • • U L m is a link in S 3 . 
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Denote by fj,i, . . . , fi m (respectively Ai, . . . , A m ) the meridians (respectively longi- 
tudes) of L\ U • • • U L m . Denote by N% U ■ ■ ■ U N m the boundary components of X(L). 
Let Hi, ... , n m as in Lemma f5. 51 Then by Lemma f5. 51 



T 



m \ 

rij J mod 2. 
i=i ' 



Clearly /ij, A, is a basis for Hi(Ni) and 4>\Hi(Ni) £ H l (Ni) is Poincare dual to 0(/ij)/ij + 
{J2jfr < t > (l J >j)1k(LhLj))\i. In particular 

rii = gcd^0( / u i ),^0(/i i )lk(L i ,L i 

j+i 

where we set gcd(a, 0) := gcd(0, a) := 0. 

Without loss of generality we can assume that there exists an r such that 0(/ij) = 
\mod2 for i < r and </>(/ij) = 0mod2 for i > r. It follows immediately that 

m m 

S ^n i = r+ 22 / ]0(/-tj)lk(A) Lj)) mod2. 

i=l i=r+l jy^i 

On the other hand by Corollary 14. 21 and by the symmetry of the linking numbers we 
have 

deg(r(M,K(G')(t))) = E™ i + E™ i E^; <j>(m)M L h L i) rnod2 

= r + E^iEj<i(0(^) + (p(^j))M L h l j) mod2 

= r + J2T=r+i Ej^iM/O + (p(Hj))M L h L j) m od2 

= r +Er=r+iE 3<! ^) ik ( L " L i) m ° d2 

= r + Er= r +iE^^) lk ( i «. i j) mod2. 

Note that we used that <f>(/J,i) + = 0mod2 for z,j < r and <j>{jij) = 0mod2 for 

j > r. □ 
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